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Abstract
In this paper we show in detail how the histories description of
general relativity carries representations of both the spacetime diffeo-
morphisms group and the Dirac algebra of constraints. We show that
the introduction of metric-dependent equivariant foliations leads to
the crucial result that the canonical constraints are invariant under
the action of spacetime diffeomorphisms. Furthermore, there exists
a representation of the group of generalised spacetime mappings that
are functionals of the four-metric: this is a spacetime analogue of the
group originally defined by Bergmann and Komar in the context of
the canonical formulation of general relativity. Finally, we discuss the
possible directions for the quantization of gravity in histories theory.
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1 Introduction
The work presented here is a continuation of [1] in which we discussed the
covariant and the canonical description of histories general relativity. A key
ingredient of [1] was the introduction of metric-dependent foliations in order
to preserve the spacelike character of a foliation with respect to a Lorentzian
four-metric g.
The aim of the present paper is to address the second major issue of
the canonical formalism: namely, the degree to which physical results de-
pend upon the choice of a Lorentzian foliation. For each choice of foliation,
solutions to the canonical equations of motion yield different 4-metrics. If
different such descriptions are to be equivalent, the corresponding 4-metrics
should be related by spacetime diffeomorphisms. We must show, therefore,
that the action of the spacetime diffeomorphisms group intertwines between
constructions corresponding to different choices of the foliation.
To this end, we will discuss the relation between the two major invariance
groups of gravity, namely, the group of spacetime diffeomorphisms Diff(M),
and the (canonical) Dirac algebra of constraints. The key result is that the
natural requirement of the equivalence between descriptions corresponding
to different choices of foliation, can be expressed by a simple mathematical
condition, which we shall call the equivariance condition1.
In particular, given a tensor field A(·, g] that is parameterised by a Lorentzian
metric g, the possibility arises that, under a diffeomorphism transformation,
the usual induced transformation of A can be compensated by the additional
change arising from the functional dependence on g. Specifically, we say that
the tensor function g 7→ A(g) is equivariant if
f ∗A(· , g] = A(· , f ∗g] (1.1)
for all Lorentzian metrics g and f ∈ Diff(M); here, f ∗ denotes the usual
pull-back operation on tensor fields.
Of particular importance in what follows is the analogous notion of an
equivariant foliation. Specifically, we say that a metric-dependent foliation
1The term ‘equivariance’ is usually employed in the following situation. If two spaces
M and N carry actions α and β respectively of a group G, then a map f : M → N is
equivariant with respect to these actions, if β(g)f(x) = f(α(g)x)), for all x ∈ M , g ∈ G.
In the present context the group G is Diff(M).
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E(g) : IR × Σ→ M is equivariant if
E(f ∗g) = f−1 ◦ E(g) (1.2)
for all Lorentzian metrics g and f ∈ Diff(M).
The introduction of equivariant metric-dependent embeddings leads to
a very significant result: the Hamiltonian constraints, the canonical action
functional, and the equations of motion on the reduced state space are all
invariant under the action of the group of spacetime diffeomorphisms.
In addition to the usual canonical and spacetime covariance groups, Bergmann
and Komar showed that one may define a group of generalised spacetime dif-
feomorphisms that have a functional dependence on the four-metric g [2]; in
what follows we shall denote this by BK(M). We shall show that a repre-
sentation of this group also exists in histories theory, and we will discuss its
relation with the other two groups.
1.1 Relation between the spacetime and the canonical
general relativity description
The history space for general relativity is defined as Πcov = T ∗LRiem(M),
where LRiem(M) is the space of all Lorentzian four-metrics gµν , on a four-
dimensional manifold2 M ,and T ∗LRiem(M) is its cotangent bundle. It is
equipped with the symplectic form Ω =
∫
d4X δπµν ∧δgµν where X ∈M , and
gµν(X) ∈ LRiem(M), and πµν(X) is the conjugate variable.
The symplectic structure Eq. (1.9) generates the covariant Poisson brack-
ets algebra,
{gµν(X) , gαβ(X ′)} = 0 (1.3)
{πµν(X) , παβ(X ′)} = 0 (1.4)
{gµν(X) , παβ(X ′)} = δαβ(µν) δ4(X,X ′), (1.5)
where we have defined δ(µν)
αβ := 1
2
(δµ
αδν
β + δµ
βδν
α).
For a fixed metric g we can choose a foliation to be spacelike, in the sense
that t 7→ hij(t, x) is a path in the space of Riemannian metrics on Σ. However,
this foliation will fail to be spacelike for certain other Lorentzian metrics on
2We will assume that M has the topology of IR× Σ for some three-manifold Σ.
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M . This is not important at the level of the classical theory, because we
generally only consider four-metrics are solutions to the equations of motion;
however it is a non-trivial issue in the quantum theory.
In order to address this issue we introduce the space of metric-dependent
foliations. For a given Lorentzian metric g, we use the foliation E(g) to split
g with respect to the Riemannian three-metric hij , the lapse function N and
the shift vector N i as
hij(t, x) := Eµ,i(t, x; g] Eν,j(t, x; g] gµν(E(t, x; g]) (1.6)
Ni(t, x) := Eµ,i(t, x; g] E˙ν(t, x; g] gµν(E(t, x; g]) (1.7)
−N2(t, x) := E˙µ(t, x; g] E˙ν(t, x; g] gµν(E(t, x; g])−NiN i(t, x) (1.8)
The symplectic form Ω can be written in the equivalent canonical form,
with respect to the given foliation as
Ω =
∫
d4X δπµν ∧ δgµν = −
∫
d4X δπµν ∧ δgµν (1.9)
=
∫
d3xdt(δπ˜ij ∧ δhij + δp˜ ∧ δN + δp˜i ∧ δN i),
where
π˜ij := K(t, x)(E¯π)µνh
ik hjl Eµ,k Eν,l (1.10)
p˜ := −K(t, x) 2
N
(E¯π)
µν
nµnν (1.11)
p˜i := −K(t, x) (E¯π)µν(nµE˙νi + nν E˙µi ) (1.12)
Here K(t, x) is the determinant of the transformation from the X to the
(t, x) variables,
K(t, x) =
N(t, x)
√
h˜(t, x)√−g(E(t, x)) . (1.13)
and h˜ is the determinant of the matrix hij.
The kernel E¯ stands for E¯µνρσ (X,X
′), which depends on the chosen folia-
tion; its explicit form is given in [1]. We should note that for a foliation with
no metric dependence E¯ is the unit operator.
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It can be shown that the histories space Πcov is equivalent to the canonical
histories space Πcan = ×t(T ∗Riem(Σt) × T ∗V ec(Σt) × T ∗C∞(Σt)), where
Riem(Σt) is the space of all Riemannian three-metrics on the surface Σt,
V ec(Σt) is the space of all vector fields on Σt, and C
∞(Σt) is the space of all
smooth scalar functions on Σt.
The plan of the paper is as follows. In Section 2. we discuss the status
of the symmetries of the theory, in both the covariant and the canonical
description. We then discuss the condition for the physical equivalence of
canonical quantities related by different choices of foliation, and we write
its mathematical expression: the equivariance condition. Furthermore, we
elaborate on the relation between the three symmetry groups.
In Section 3. we derive the important result that the histories reduced
state space Πred is invariant under spacetime diffeomorphisms. We conclude
with some comments on the possible quantisation of gravity within the his-
tories scheme.
2 Invariance Groups
The core of this work is the study of invariance groups of the histories de-
scription of general relativity. Starting from the important result of the
co-existence of representations of both the diffeomorphism group Diff(M)
and the Dirac algebra of constraints, we first study the way that invariance
transformations appear in the covariant and in the canonical description of
the histories general relativity. Next, we examine the relations between the
invariance groups, and their special role in defining general relativity ‘ob-
servables’.
We should mention here that the canonical description of histories general
relativity is not an analogue of the standard Lagrangian formulation. We will
relate the respective invariance groups of the spacetime and the canonical
descriptions, and we will construct the spacetime analogue of canonical vari-
ables. However, we do not write the Lagrangian action functional, and in this
sense we do not directly relate it to its canonical analogue. The direct connec-
tion would entail the explicit relation between Lagrangian and Hamiltonian
quantities, through a histories analogue of the Legendre transformation.
In what follows, the existence of a representation of the Diff(M) group
will be shown to be of major significance for identifying canonical general
5
relativity observables.
2.1 Invariance transformations of the covariant descrip-
tion
The dynamical laws of general relativity are invariant under spacetime diffeo-
morphisms (the group Diff(M)). However, general relativity is characterised
by a much larger symmetry group also; these are transformations that are
not just point mappings in a given four-dimensional spacetime, but rather
diffeomorphisms parameterised by the four-metric g.
2.1.1 Diff(M) active transformations
The active interpretation of diffeomorphisms transformations highlights one
of the main consequences of general covariance: spacetime points have no
ontological significance [3]. A related feature is that solutions to the field
equations that are related by spacetime diffeomorphisms are regarded as
being physically equivalent.
In [4, 1] we have defined the generator of the diffeomorphisms group
Diff(M) to be the generalised ‘Liouville’ function VW associated with any
vector field W on M as
VW :=
∫
d4X πµν(X)LWgµν(X) (2.1)
where LW denotes the Lie derivative with respect to W .
These functions VW , defined for any vector fieldW , satisfy the Lie algebra
of the spacetime diffeomorphism group Diff(M)
{ VW1 , VW2 } = V[W1,W2], (2.2)
where [W1,W2] is the Lie bracket between vector fields W1 and W2 on the
manifold M .
The action of VW on the basic variables of the theory is expressed by
infinitesimal diffeomorphisms,
{ gµν(X) , VW } = LWgµν(X) (2.3)
{ πµν(X) , VW } = LWπµν(X). (2.4)
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2.1.2 The histories representation of the Bergmann-Komar group
BK(M)
In this section we will show that the covariant formalism of histories canon-
ical general relativity also carries a representation of the group of spacetime
mappings that are functionals of the four-metric g; this group was initially
introduced by Bergmann and Komar in [2]. We shall start by presenting a
brief summary of their construction.
The Bergmann-Komar group BK(M). Originally motivated by the
need to identify the observables in general relativistic theories, Bergmann and
Komar studied the relation between the three major invariance groups of the
theory, namely the group of spacetime diffeomorphisms, Diff(M), the group
of metric-dependent spacetime diffeomorphisms, BK(M), and the Dirac al-
gebra of constraints.
The most general type of spacetime transformations are of the form
X ′ = f(X ; g] (2.5)
which are diffeomorphisms that are functionals of the spacetime metric g.
The standard spacetime point mappings in Diff(M) are a special case of
these transformations.
Bergmann and Komar state that, in order to identify general relativity
observables, one must find functionals of the field variables that are invariant
under these general spacetime mappings. Hence, the three distinct invariance
groups provide three distinct criteria for selecting the observables (‘gauge-
invariant’ variables).
An infinitesimal transformation, generated by a vector field ξ, i.e., δxµ =
x′µ − xµ = ξµ, transforms the four-metric gµν , so that
δgµν = g
′
µν − gµν = −(∇µξν +∇νξµ) = −Lξgµν . (2.6)
In general, the vector field ξ can be an arbitrary functional of the metric,
i.e.,
ξρ = ξρ(X, g], (2.7)
where, for the special case of the normal spacetime diffeomorphisms ξρ is a
function of X only:
ξρ = ξρ(X). (2.8)
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Let us now consider the commutator of two consecutive transformations,
namely the vector field ξc corresponding to δgµν = δ1δ2gµν − δ2δ1gµν . For the
case of (2.8), it is merely the Lie bracket of two vector fields, for example ξ1
and ξ2,
ξµc = ξ
µ
1 , ρ ξ
ρ
2 − ξµ2 , ρ ξρ1 = −[ξ1, ξ2]µ. (2.9)
In the more general case (2.7), the commutator is more complicated,
ξµc(X) = ξ
µ
1, ρ ξ
ρ
2 − ξµ2, ρ ξρ1
=−[ξ1, ξ2]µ−
∫
d4X ′{ δξ
µ
1(X)
δgαβ(X ′)
Lξ2gαβ(X ′)−
δξµ2(X)
δgαβ(X ′)
Lξ1gαβ(X ′)}. (2.10)
For the case of ξρ = ξρ(X), we obtain just the expression (2.9). Hence,
it is an obvious result that the Diff(M) group is a subgroup of the enlarged
diffeomorphisms group BK(M).
Next, Bergmann and Komar claim that the Dirac algebra of constraints is
a subalgebra of the algebra of BK(M). In what follows we show the existence
of a representation of the BK(M) on the history space Πcov, and we will study
the explicit relation between the two algebras.
The histories space Πcov carries a symplectic representation of the en-
larged (metric-dependent) diffeomorphisms group BK(M). We write the
histories generator of the BK(M) group,
UW :=
∫
d4X πµν(X)LWgµν(X), (2.11)
where now, the vector field W is a functional of the four-metric g.
We first write the commutators of the generator UW with the field vari-
ables gµν and π
µν ,
{UW , gµν} = −LWgµν (2.12)
{UW , πµν} = −LWπµν + 2
∫
d4X ′
δξρ(X ′)
δgµν(X)
∇′σπστ (X ′)gρτ (X ′). (2.13)
It is straightforward to show that the generators UW satisfy the Lie alge-
bra of the BK(M) group,
{UW1, UW2} = UW3 , (2.14)
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where the vector field W3 is given by the expression (2.10) with W3 being
the vector field ξµc of this expression.
In a later section we will examine the relation between the histories rep-
resentation of the Bergmann-Komar group, the spacetime diffeomorphism
group, and the Dirac algebra of constraints.
2.2 Symmetries of the canonical description
In [1] we showed that the Dirac algebra of constraints also appears on the
history space. Its generators are3
H⊥(t, x) := κ2h˜−1/2(t, x)(π˜ij(t, x)π˜ij(t, x)− 1
2
(π˜i
i)2(t, x))−
κ−2h˜1/2(t, x)R(t, x) (2.15)
Hi(t, x) := −2∇j π˜ij(t, x). (2.16)
The smeared form of the super-hamiltonianH⊥(t, x) and the super-momentum
Hi(t, x) history quantities are defined using as their smearing functions a
scalar function L on spacetime M , and a vector field ~L that is spacelike in
the sense that
Lµ(X ; g)nµ(X ; g] = 0 (2.17)
where the one-form nµ(X ; g] is the unit normal to the leaves of the folia-
tion. The corresponding covariant expression for the constraints, which is
necessary for relating their action to that of the diffeomorphism group, are
H[~L] =
∫
d4X(E¯π)µνLLgµν + 2
∫
d4X(E¯π)µνnµn
ρLLgρν (2.18)
H⊥[L] =
∫
d4X
[
κ2
N√−g
1
2
Gµνρσ(E¯π)
µν(E¯π)ρσ − κ−2
√−g
N
3R(h)
]
. (2.19)
The tensor Gµνρσ is the ”Dewitt metric”
Gµνρσ = hµρhνσ + hµσhνρ − hµνhρσ, (2.20)
3For reasons of simplicity we do not introduce the density α(t) of [1]. In what follows, we
use the densities p˜iij , p˜i, p˜ instead of the quantities pi
ij = α(t)p˜iij , pi = α(t)p˜i, p = α(t)p˜,
which are scalars with respect to time. This means that α(t) does not appear in the
expressions for the constraints.
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where hµν := gµν + nµnν .
Furthermore, we add the primary constraints Φ(k) = 0, where
Φ(k) :=
∫
d4X(E¯π)µνnµ(X ; g] kν(X), (2.21)
in terms of a smearing one-form kµ.
It is interesting to note that the supermomentum constraint reads H[~L] =
Q[~L] + 2Φ(n · LLg), where
Q[~L] :=
∫
d4X(E¯π)µνLLgµν . (2.22)
This expression will be used in the calculations that follow.
2.3 A physical requirement for the relation between
foliation-dependent variables: the equivariance con-
dition
As already mentioned, the histories approach allows the realisation of a for-
malism that it is a hybrid of both the covariant and the canonical formalisms.
In [1] we discussed the loss of the spacelike character of a foliation, under
a change of the metric. Nevertheless, the introduction of a metric-dependent
foliation solved the problem [1].
In addition to this, we need to address the partly independent issue of the
Diff(M)-invariance—or, rather, lack of Diff(M)-invariance—of the canonical
variables. This is a problem even in the standard Lagrangian treatment,
because the solution of the initial value problem requires the introduction
of a spacetime foliation. In the classical case, the question concerning the
dependence of physics on the choice of foliation is easily resolved by specifying
a unique Lorentzian metric that solves the classical equations of motion.
However, in quantum theory the dependence of the physical results on the
choice of foliation is a major issue.
In histories theory we define a representation of the group of spacetime
diffeomorphisms. The requirement of the physical equivalence between dif-
ferent choices of time direction for the canonical theory, and the requirement
of the spacetime character of the canonical description, are satisfied by means
of a simple mathematical condition, namely the equivariance condition for
the metric-dependent foliations.
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To this end, we consider a particular class of metric-dependent embed-
dings. We denote by A(·, g] any tensor field associated with the embedding,
and which is correspondingly a functional of the metric g. The physical re-
quirement is that the change of the tensor field A under a diffeomorphism
transformation is compensated by the change due to its functional depen-
dence on g.
Hence, if we consider a diffeomorphism transformation f , and we denote
its pull-back operation by f ∗, the equivariance condition is given by the
expression
(f ∗A)(· , g] = A(· , f ∗g]. (2.23)
For an infinitesimal diffeomorphism transformation the equivariance condi-
tion is
LWA(X ; g] =
∫
d4X ′
δA(X ; g]
δgµν(X ′)
LWgµν(X ′) . (2.24)
In the case of a function E : LRiem(M)→ Fol(M), (where LRiem(M) is
the space of Lorentzian metrics on M , and Fol(M) is the space of foliations
of M) we say that E is an ‘equivariant foliation’ if
E(f ∗g) = f−1 ◦ E(g) (2.25)
for all Lorentzian metrics g and f ∈ Diff(M).
This concept has the following simple interpretation. Namely, we consider
the principle bundle Diff(M) → LRiem(M) → LRiem(M)/Diff(M), and
then define a left-action ℓ of Diff(M) on the space of foliations Fol(M) by
ℓf(F) := f ◦ F (2.26)
for all f ∈ Diff(M) and F ∈ Fol(M). We use this action to construct the as-
sociated bundle Fol(M)→ LRiem(M)×Diff(M)Fol(M)→ LRiem(M)/Diff(M).
Now, in general, if F → P ×G F → X is a bundle associated to a principle
bundle G→ P → X (via a left action of the groupG on F ), the cross-sections
of the associated bundle are in one-to-one correspondence with functions
ψ : P → F satisfying the condition
ψ(pg) = g−1ψ(p) (2.27)
for all p ∈ P and g ∈ G. It follows, therefore, from Eq. (2.25), Eq. (2.26)
and Eq. (2.27), that what we have called an ‘equivariant foliation’ is equiva-
lent to a cross-section of the associated bundle Fol(M)→ LRiem(M)×Diff(M)
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Fol(M)→ LRiem(M)/Diff(M) over the space LRiem(M)/Diff(M) of Diff(M)-
equivalence classes of Lorentzian metrics on M .
As we shall see, the use of equivariant foliations leads to a significant
result: the Hamiltonian constraints, the canonical action functional, and the
equations of motion on the reduced state space are all invariant under the
action of the group of spacetime diffeomorphisms Diff(M).
2.4 Relation between the invariance groups
We have showed already that in histories theory there exist representations
of all three invariance groups of general relativity. We now proceed to study
the relations between them.
An immediate observation is that the group of spacetime diffeomorphisms
is a subgroup of the Bergmann-Komar group BK(M). Indeed, the generators
of Diff(M), given by the expression (2.1), are a special case of those of BK(M)
where the vector fields W are not functionals of the metric tensor g.
One of the deepest issues to be addressed in canonical gravity is the
relation of the algebra of constraints to the spacetime diffeomorphisms group
(and, therefore, to the enlarged group BK(M)).
To this end, the commutator of the B-K (Bergmann-Komar) generators
with the canonical constraints can be written as
{UW ,Φ(k)} =
∫
d4Xd4X ′
[(
L′W E¯µνρσ (X,X ′)
−
∫
d4X ′′
δE¯µνρσ (X,X
′)
δgαβ(X ′′)
LWgαβ(X ′′)
)
πρσ(X ′)nµ(X ; g)kν(X)
+
(
E¯µνρσ (X,X
′)πρσ(X ′)kν(X)
∫
d4X ′′
δnµ(X)
δgαβ(X ′′)
(−LWgαβ(X ′′)
)
+2E¯µνρσ (X,X
′)nµ(X)kν(X)
∫
d4X ′′
δW α(X ′′)
δgρσ(X ′)
∇′′τπτβ(X ′′)gαβ(X ′′)
]
(2.28)
{UW , Q(~L)} =
∫
d4Xd4X ′
[
−δE¯
µν
ρσ (X,X
′)
δgαβ(X ′′)
LWgαβ(X ′′)πρσ(X ′)LWgµν(X)
−E¯µνρσ (X,X ′)L′Wπρσ(X ′)LWgµν(X)LWgµν(X)πρσ(X ′)(LδWLgµν(X)−LWLLgµν(X)
+2E¯µνρσ (X,X
′)LWgµν(X)
∫
d4X ′′
δW α(X ′′)
δgρσ(X ′)
∇′′τπτβ(X ′′)gαβ(X ′′)
]
(2.29)
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{UW ,H(L)} =
∫
d4XL(X)
×
[∫
d4X ′
1
2
δN˜
δgαβ(X ′)
(−LW gαβ)(X ′)Gµνρσ(X)(E¯π)µν(X)(E¯π)ρσ(X)
+
N˜
2
∂Gµνρσ
∂hκλ
(X)
(
δκλαβ −
∫
d4X ′
δ(nκnλ)(X)
δgαβ(X ′)
LWgαβ(X ′)
)
(E¯π)µν(X)(E¯π)ρσ(X)
−
∫
d4X ′N˜(X)Gµνρσ(X)
∫
d4X ′′
δE¯µνκλ(X,X
′)
δgαβ(X ′′)
LWgαβ(X ′′)πκλ(X ′)(E¯π)ρσ(X)
−d4X ′N˜(X)Gµνρσ(X)E¯µνκλ(X,X ′)L′Wπκλ(X ′)(E¯π)ρσ(X)
+
∫
d4X ′
δN˜−1
δgαβ(X ′)
LWgαβ(X ′)3R(X)
−N˜−1(X)3Rαβ(X)
(
δαβκλ −
∫
d4X ′
δ(nalphanβ)(X)
δgκλ(X ′)
LW gκλ(X ′)
)
+2
∫
d4X ′N˜(X)Gµνρσ(X)E¯
µν
κλ(X,X
′)
×
(∫
d4X ′′
δW τ (X ′′)
δgκλ(X ′)
∇′′απαβ(X ′)gβτ(X ′′)
)
(E¯π)ρσ(X)
]
. (2.30)
In these equations we have denoted by δWL the total variation of L under
the action of the infinitesimal diffeomorphism generated by the vector field
W :
δWL
µ(X) = (LWL)µ(X)−
∫
d4X ′
δLµ(X)
δgαβ(X ′)
LW gαβ(X ′) , (2.31)
where N˜ := N/
√−g.
We note that we have considered the generator Q(~L) rather than the
supermomentum constraint, since the latter is a linear combination of Q(~L)
with the primary constraint Φ.
The commutators of the Diff(M) generators with the constraints emerge
as a special case of the above equations. In particular,
{VW ,Φ(k)} = Φ(LWk) +
∫
d4Xd4X ′δW [E¯
µν
ρσ (X,X
′)nµ(X)]π
ρσ(X ′)kn(X)(2.32)
{VW , Q(~L)} = Q(δW ~L) +
∫
d4Xd4X ′δW E¯
µν
ρσ (X,X
′)LLgµ ν (2.33)
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{VW ,H(L)} = H(LWL)
+
∫
d4Xd4X ′d4X ′′L(X)πµν(X ′)πκλ(X ′′)δW
(
N˜(X)Gµνρσ(X)E¯
µν
κλ(X,X
′)E¯µνκλ(X,X
′)
)
+
∫
d4XL(X)δW (N˜
−13R). (2.34)
We denote by δW total variation with respect to the the vector fieldW . Then
δW E¯
µν
ρσ (X,X
′) = (LW+L′W)E¯µνρσ (X,X ′)−
∫
d4X ′′
δE¯µνρσ (X,X
′)
δgαβ(X ′′)
LW gαβ(X ′′), (2.35)
δWnµ(X) = LWnµ(X)−
∫
d4X ′
δnµ(X)
δgαβ(X ′)
LWgαβ(X ′). (2.36)
¿From the above equations we conclude that the action of the diffeomorphism
group on the constraints amounts to the action of the diffeomorphisms on
the metric-dependent foliation. Hence, the diffeomorphism group generates
transformations between the reduced phase spaces that correspond to differ-
ent metric-dependent foliations.
Next, we impose the equivariance condition on the foliation, which im-
plements the physical principle that histories canonical field variables related
by diffeomorphism transformations are physically equivalent. One can show
that the terms δW E¯ and δWn vanish, and we get
{VW ,Φ(k)} = Φ(LWk) (2.37)
{VW , Q(~L)} = Q(δWL) (2.38)
{VW ,H(L)} = H(LWL). (2.39)
Under the infinitesimal symplectic transformation generated by VW , the con-
straints transform from Φ(k), Q(~L),H(L) to Φ(k′), Q(~L′),H(L′), where
k′ = k + sLWk (2.40)
~L′ = ~L+ sδW ~L (2.41)
L′ = L+ sLWL (2.42)
In particular, if ~Lµnµ = 0, then (δW ~L
µ)nµ = −~LµδWnµ = 0, where the
vanishing of the last term is due to the equivariance condition for nµ. This
implies that ~L′µnµ = 0.
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¿From the above, we conclude that the constraints of canonical general
relativity are Diff(M)-invariant .
We mentioned in section 2.1.2 that Bergmann and Komar claim that
the Dirac algebra is a subalgebra of the Bergmann-Komar algebra. However,
this relation was not established in [2] by comparing concrete representations
of these algebras. In fact, in our case this relation does not hold, and the
generators of the Dirac algebra are not special cases of generators of the B-
K group. This is because the superhamiltonian is quadratic in momentum,
while the B-K group is linear in momentum.
We should also note that the generators of the B-K group do not commute
with the constraints, hence the B-K group is not realised on the reduced
state space. This leads to the question of whether there exists a different
representation of the B-K group which does commute with the constraints
(for equivariant foliations) and which has the Dirac algebra as subalgebra.
We leave this as an open question.
3 Reduced state space
The study of the parameterised particle system has been proved a helpful
model4 for developing a histories reduced state space algorithm for general
relativity.
We present first, very briefly, the histories reduced state space algorithm,
that was originally given in [5].
3.1 Histories treatment of constraints
Classical parameterised systems. Parameterised systems have a vanish-
ing Hamiltonian H = h(x, p), when the constraints are imposed. Classically,
two points of the constraint surface C correspond to the same physical state
if they are related by a transformation generated by the constraint. The true
degrees of freedom correspond to equivalence classes of such points and are
represented by points of the reduced state space Γred.
An element of the reduced state space is itself a solution to the classical
equations of motion, and it also corresponds to a possible configuration of
4The parameterised particle model is consider a good precursor for more complicated
parameterised systems, with of course general relativity as the most complicated one.
15
the physical system at an instant of time; hence the notion of time is unclear,
and it is not obvious how to recover the notion of temporal ordering unless
we choose an arbitrary gauge-fixing condition.
In the histories approach to parameterised systems, the history constraint
surface Ch is defined as the set of all smooth paths from the real line to the
constraint surface C. The history Hamiltonian constraint is defined by Hκ =∫
dt κ(t)ht, where ht := h(xt, pt) is first-class constraint. For all values of
the smearing function κ(t), the history Hamiltonian constraint Hκ generates
canonical transformations on the history constraint surface Ch. The history
reduced state space Πred is then defined as the set of all smooth paths on the
canonical reduced state space Γred, and it is identical to the space of orbits
of Hκ on Ch.
In order for a function on the full state space, Π, to be a physical ob-
servable (i.e., to be projectable into a function on Πred), it is necessary and
sufficient that it commutes with the constraints on the constraint surface.
Contrary to the canonical treatments of parameterised systems, the clas-
sical equations of motion are explicitly realised on the reduced state space
Πred. They are given by
{S˜, F} (γcl) = {V˜ , F} (γcl) = 0 (3.1)
where S˜ and V˜ are respectively the action and Liouville functions projected
on Πred. Both S˜ and V˜ commute weakly with the Hamiltonian constraint
[5]. Furthermore, the equations of motion on Πred remain invariant under
time reparameterisations.
Hence, in the histories formalism, parameterised systems have an intrin-
sic time that does not disappear when we enforce the constraints, either
classically or quantum mechanically.
3.2 Diff(M) invariance of the reduced state space
We showed in section 3.4 that the generators VW of the spacetime diffeomor-
phisms group commute with the constraints, and hence they are defined in
the reduced state space Πred.
The generator of time translations of the canonical theory is the ‘Liouville’
functional V ,
V :=
∫
dt
∫
d3x
{
π˜ij(t, x) h˙ij(t, x) + p˜iN˙
i + p˜N˙
}
. (3.2)
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It can be easily shown that the Liouville function commutes with the
canonical constraints
{V,Φ(k)} = 0, (3.3)
{V,H(L)} = 0, (3.4)
{V,H(~L)} = 0. (3.5)
The Liouville function can be written covariantly as
V =
∫
d4X(E¯π)ρσ [h
µρhνσLtgµν + Lt(nρnσ)] . (3.6)
Here t denotes the deformation vector tµ associated to our foliation.
In this form, it is easy to show that the Liouville function commutes with
the diffeomorphisms:
{V, VW} = 0, (3.7)
provided that the metric-dependent foliation satisfies the equivariance con-
dition.
The canonical action functional S is defined as
S :=
∫
dt
∫
d3x
{
π˜ij(t, x) h˙ij(t, x) + p˜iN˙
i + p˜N˙ −H(N)−H( ~N)
}
, ,(3.8)
and can clearly be projected onto Πred.
The classical equations of motion can be explicitly realised on the reduced
state space Πred. They are given by
{S˜, F} (γcl) = {V˜ , F} (γcl) = 0 (3.9)
where S˜ and V˜ are respectively the action and Liouville functions projected
on Πred.
The usual dynamical equations for the canonical fields hij and π
ij are
equivalent to the history Poisson bracket equations
{S , hij(t, x)} (γcl) = 0 (3.10)
{S , πij(t, x)} (γcl) = 0 (3.11)
where S is defined in Eq. (3.8). The path γcl is a solution of the classical
equations of motion, and therefore corresponds to a spacetime metric that is
a solution of the Einstein equations.
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Finally, let us note that the canonical action functional S is also diffeomorphic-
invariant:
{VW , S} = 0. (3.12)
The invariance of the action under diffeomorphisms is a rather significant
result, and it leads to the conclusion, as one would have anticipated, that
the action functional and the equations of motion (3.10–3.11) are the ‘observ-
ables’ of general relativity theory, as has been indicated from the Lagrangian
treatment of the theory.
We showed that the Liouville function commutes with the Hamiltonian
constraints, hence it corresponds to a function V˜ on the reduced state space.
In fact, V˜ coincides with the projection of S on Πred.
The key point is that the elements of the reduced state space in the
histories formalism are also paths on the standard canonical state space. As
such, they preserve the notion of time, in the sense that they are labelled by
the external time parameter t ∈ IR.
It is important to remember that the parameter with respect to which the
orbits of the constraints are defined, is not in any sense identified with the
physical time t. In particular, one can distinguish the paths corresponding
to the classical equations of motion by the condition
{F, V˜ }γcl = 0, (3.13)
where F is a functional of the field variables, and γcl is a solution to the
equations of motion.
In standard canonical theory, the elements of the reduced state space
are all solutions to the classical equations of motion. In histories canonical
theory, however, an element of the reduced state space is a solution to the
classical equations of motion only if it also satisfies the condition Eq. (3.13).
The reason for this is that the histories reduced state space Πred contains a
much larger number of paths (essentially all paths on Γred ). For this reason,
histories theory may naturally describe observables that commute with the
constraints but which are not solutions to the classical equations of motion.
This last point should be particularly emphasised, because of its possible
corresponding quantum analogue. We know that in quantum theory, paths
may be realised that are not solutions to the equations of motion. My belief
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is that the histories formalism will distinguish between instantaneous laws5
(namely constraints), and dynamical laws (equations of motion).
Hence, it is possible to have a quantum theory for which the instanta-
neous laws are satisfied, while the classical dynamical laws are not. This
distinction is present, for example, in the history theory of the quantised
electromagnetic field, where all physical states satisfy the Gauss law exactly,
however electromagnetism field histories are possible which do not satisfy the
dynamical equations, i.e., Maxwell’s equations. For parameterised systems,
this distinction is not possible within the canonical formalism, nevertheless
as we explained, it does arise in the histories formalism.
The equations of motion (3.13) imply that physical observables have con-
stant values on the solutions to the classical equations of motion. This need
not be the case quantum mechanically, hence quantum realised paths need
not be characterised by ‘frozen’ values of their physical parameters.
4 Some notes on quantisation
It is interesting to examine the histories perspective on quantisation, in the
light of these new results. We recall that the canonical quantisation scheme
is based upon the canonical commutation relations and a search for their
representations on a Hilbert space. However, the canonical commutation
relations come originally from considering a spacetime metric, with the as-
sociated requirement that the induced 3-metric is spacelike; and one facet of
the ‘problem of time’ is to recover a spatio-temporal picture from the purely
spatial perspective of the strict canonical formalism.
In the histories approach, this issue can be addressed fully. We seek a
representation of the history commutation relations, which are defined with
reference to the whole of spacetime and not just a 3-surface; in particu-
lar, these history variables include a quantised Lorentzian spacetime metric.
Finding a representation of the history algebra on a Hilbert space H , makes
plausible the possibility of finding a representation the group Diff(M) on H ,
and possibly also the Bergmann-Komar group.
5A thorough analysis on the connection between instantaneous laws (Gauss’ theorema
egregium) and the dynamical laws of general relativity is presented by Kuchar in [6], where
he deduces Einstein’s equations starting from the (instantaneous) geometric description
of gravity.
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In particular, in the histories approach, we can manifestly address a prob-
lem that is usually sidestepped in canonical quantisation: namely how to
compare the quantum schemes that come from different choices of the ‘inter-
nal’ time variable that must be identified to recover a spacetime perspective.
This is done by the introduction of the metric-dependent foliations discussed
above, which makes explicit the relation between canonical and covariant
objects.
The next step is to write the representation of the constraint generators,
preferably in a way that the Dirac algebra is preserved. As yet, the history
procedure does not provide any preferred strategy for doing this. However,
we note that while one may write a quantum history description for any
canonical theory [11] (characterised by the presence of a vacuum state)6,
there exist possible representations of the history algebra, that do not have
any canonical analogue.
This is particularly relevant to the ‘loop quantum gravity’ approach to
quantisation (for its basic features see [12], and also [13] for a recent review).
In the canonical treatment, the basic algebra is defined with reference to
objects that have support on loops in the three-dimensional surface Σ. In
the history version, the relevant objects would be defined on two-dimensional
hypersurfaces within the spacetime M .
Alternatively, one could consider path variables corresponding to the
SL(2,C) connection on the spacetime M , rather than the SU(2) one of
the canonical theory. In that case the representation theory of the history
description would be very different from the one of the canonical approach,
mainly because the SL(2,C) group is non-compact.
In all cases, the mathematical structures of a quantisation based on his-
tories will conceivably be very different from those in the canonical theory.
For this reason, the history construction may uncover substantially different
properties from those that arise in the existing approaches to loop quantum
gravity. Given that the history approach successfully addresses several key
issues that plague the canonical perspective, I believe it provides a promising
new approach to tackling the dynamical aspects of the loop quantum gravity
programme.
Once we have the constraint operators, we can look for the physical
6If H is the Hilbert space of the canonical theory, the corresponding history Hilbert
space is a suitable version of the ”continuous tensor product” ⊗tHt
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Hilbert space. Technically, this is a problem of the same degree of difficulty as
the one that arises in the canonical scheme. However, unless there exist some
anomalies in the algebraic relation of the spacetime diffeomorphism group to
the constraints, we expect the generators of the diffeomorphism group to ex-
ist on the physical Hilbert space, together with the action functional which
generates the physical time translations. In this way, the resulting theory will
carry both the diffeomorphism symmetry and have a well-defined notion of
time-ordering, thus solving another facet of the problem of time in canonical
quantum gravity. We shall discuss some simple systems of this type in future
work.
However, in order to realise the history quantisation scheme for general
relativity, we have to face again the problem of constructing an operator
representing the Hamiltonian constraint, which is a formidable task. Or, at
least, this would be so if we followed the common wisdom for the quantisation
of constrained systems, namely a version of the Dirac approach, upon which
our history quantisation algorithm is also based. However, the history theory
has more versatility and may provide the concepts and physical predictions of
a full quantum theory without needing a Hilbert space structure; for example,
by exploiting the geometrical objects on the classical phase space [14]. This
provides another potential avenue for quantisation, which may sidestep the
problems associated with the intricate construction of a super-Hamiltonian
operator.
5 Conclusions
Histories theory in general is characterised by two key ingredients: the history
group, and the existence of two distinct generators of time transformations.
A significant consequence of this structure is the coexistence of a spacetime
and canonical description of a theory. In the case of gravity, this is reflected in
the existence of realisations of both the group of spacetime diffeomorphisms,
and the Dirac algebra of constraints.
In this paper, we have discussed the relation of these two transformation
groups. We focused on the physical equivalence of solutions to the equations
of motion associated with different choices of foliation: specifically, if differ-
ent descriptions are to be equivalent, they should be related by spacetime
diffeomorphisms.
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We showed how this physical requirement can be satisfied by the intro-
duction of the novel mathematical idea of equivariant foliations. We showed
that an immediate consequence is the invariance under spacetime diffeomor-
phisms of the canonical constraints, the reduced state space action functional,
and the equations of motion.
Furthermore, we discussed the enlarged symmetry group of spacetime
mappings that are functionals of the four-metric, originally defined by Bergmann
and Komar, and we showed that there also exists a representation of this
group in the histories theory.
Our results strongly suggest that a quantisation of general relativity based
on histories will provide a radically new perspective on the problem of time
that has so plagued the canonical approach. In this sense, this paper provides
a stepping stone towards the construction of a quantum theory of gravity,
that is based on genuine spacetime objects.
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